We prove that the Kontsevich integrals (in the sense of the formality theorem [K]) of all even wheels are equal to zero. These integrals appear in the approach to the Duflo formula via the formality theorem. The result means that for any finite-dimensional Lie algebra g, and for invariant polynomials f, g ∈ [S · (g)] g one has f · g = f * g, where * is the Kontsevich star-product, corresponding to the Kirillov-Poisson structure on g * . We deduce this theorem from the result of [FSh] on the deformation quantization with traces. The identity f · g = f * g (for invariant f, g) opens a way for a generalization of the Duflo formula to the case of infinite-dimensional Lie algebras, which is also briefly discussed.
Introduction

1.1
First of all, let us recall what the Duflo formula is.
Let g be a finite-dimensional Lie algebra, we denote by S · (g) and U(g) the symmetric and the universal enveloping algebras of the Lie algebra g, correspondingly. There is the adjoint action of g on both spaces S · (g) and U(g), and the classical Poincaré-Birkhoff-Witt map ϕ PBW : S · (g) → U(g)
is an isomorphism of the g-modules. In particular, it defines a map of invariants
where Z(U(g)) is the center of the universal enveloping algebra. The Duflo theorem states that [S · (g)] g and Z(U(g)) are isomorphic as algebras, and gives an explicit formula for the isomorphism.
For each k ≥ 1 there exists a canonical invariant element Tr k ∈ [S k (g)] * . It is just the trace of k-th power of the adjoint action, i.e. the symmetrization of the following map Tr k :
Tr k (g) = Tr g (ad (g)) k .
It is easy to show that for semisimple Lie algebras Tr k = 0 for odd k. M. Duflo proved that it is true for any finite-dimensional Lie algebra. Hence, we will consider the elements Tr k only for even k.
One can consider any element of [S k (g)] * as a differential operator of k-th order with constant coefficients, acting on S · (g). Let us note that for a fixed element θ ∈ S ℓ (g) the values Tr k (θ) are not equal to 0 only for k ≤ ℓ. Finally, define the map ϕ strange : S · (g) → S · (g) by the formula
where the rational numbers α 2k are defined from the formula k≥0 α 2k q 2k = log e q/2 − e −q/2 q .
Theorem. (Duflo) For a finite-dimensional Lie algebra g, the restriction of the map ϕ PBW •ϕ strange : S · (g) → U(g) to the space [S · (g)] g defines an isomorphism of the algebras [ϕ PBW • ϕ strange ] : [S · (g)] g ≃ Z(U(g)) .
1.2
Here we outline the Kontsevich's approach to the Duflo formula via the formality theorem ( [K] , Sect. 8).
For any Poisson structure on a finite-dimensional vector space V , i.e. for a bivector field α on V such that [α, α] = 0, M. Kontsevich defined a deformation quantization of the algebra structure on functions C ∞ (V ). When the bivector field α is polynomial, the deformation quantization of the algebra S · (V * ) is well-defined.
Any Lie algebra g defines the Kirillov-Poisson structure on g * . The Poisson bracket of two linear functions on g * , i.e. of two elements of g, is equal to their bracket: {g 1 , g 2 } := [g 1 , g 2 ]. This bracket can be extended to S · (g) by the Leibniz rule. The corresponding bivector field in coordinates {x i } on g is
where {C k ij } is the structure constants of the Lie algebra g in the basis {x i }. Finally, the bracket of any two functions is {f, g} = α (df ∧ dg).
The Kontsevich deformation quantization of this structure defines a starproduct on S · (g), and the deformed algebra (S · (g), * ) is isomorphic to the universal enveloping algebra U(g).
Theorem. (Kontsevich [K] ) There exist numbers W 2k and α ′ 2k such that: (i) for any finite-dimensional Lie algebra g the map
where * is the Kontsevich star-product;
As a consequence, we obtain that the coefficients α 2k in the Duflo formula are equal to the sum
The numbers W 2k and α ′ 2k are defined as integrals over configuration spaces. They were not computed in [K] . The main result is that W 2k and α ′ 2k do not depend on the Lie algebra g.
The number W 2k is the Kontsevich integral corresponding to the wheel with 2k vertices, see Figure 1 .
Figure 1
The wheel W 6
Remarks. 1. The Kontsevich star-product on S · (g) is well-defined only for finite-dimensional Lie algebras g, while the algebra U(g) (as well as some other quantizations) is well-defined for any (maybe infinite-dimensional) Lie algebra. 2. In [K] the Duflo isomorphism was extended from the invariants (i.e. zero degree cohomology) to the whole algebras of cohomology. The result is that the map ϕ PBW • ϕ strange :
In this cohomological setting it seems that an isomorphism should exist for infinite-dimensional Lie algebras as well. The Duflo formula can not be applied because the traces Tr 2k are ill-defined for infinite-dimensional Lie algebras. One of our goals in this work was to understand the nature of Duflo isomorphism for infinite-dimensional Lie algebras.
1.3
The main result of the present paper was conjectured by Alberto S. Cattaneo and Giovanni Felder:
In an equivalent form, f · g = f * g for any two invariant polynomials f, g ∈ [S · (g)] g for arbitrary finite-dimensional Lie algebra g ( * is the Kontsevich starproduct). Also we obtain α ′ 2k = α 2k .
A. S. Cattaneo and G. Felder had computed the number W 2 as a fourdimensional integral and had found that it is equal to zero. In this paper we prove that all the numbers W 2k are equal to 0 using the deformation quantization with traces [FSh] . Let us recall the main result of [FSh] .
Consider a vector space V equipped with a Poisson structure α and a volume form Ω compatible in the following way. For any manifold M a volume form on M allows to identify polyvector fields with differential forms. Then the de Rham operator on differential forms defines an operator of degree −1 on polyvector fields. Such an operator is called the divergence operator, corresponding to the volume form Ω, we denote it by div Ω . It is a second order operator with respect to the wedge product of polyvector fields, and for any volume form Ω, the deffect for the Leibniz rule
is equal to the Schouten-Nijenhuis bracket of the polyvector fields η 1 and η 2 and does not depend on Ω. As a consequence, we obtain
for any volume form Ω.
Theorem [FSh]
Let V be a finite-dimensional vector space, α be a Poisson bivector field on V , and let Ω be a volume form on
for any two functions f, g ∈ C ∞ (V ) one of which has a compact support. (Here * is the Kontsevich star-product with the harmonic angle function see [K] , Sect. 6.2).
The identity
holds for all functions, and we want to remove the integral sign when V = g * and f, g are invariant.
1.4
The paper is organized as follows:
in Section 2 we prove that a constant volume form on g * satisfies the condition div Ω α = 0 for semisimple Lie algebras and give a simple proof that W 2 = 0; in Section 3 we prove Theorem 1.3: firstly, we show that the theorem holds for semisimple Lie algebras using the result of Section 2 and the orbit method of Kirillov, and then the result for any finite-dimensional Lie algebra follows by the universality of the Kontsevich theorem 1.2;
in Section 4 we discuss Duflo formula for infinite-dimensional Lie algebras.
2 Deformation quantization with traces for semisimple Lie algebras 2.1 Theorem.
Let g be a semisimple Lie algebra, and let α be the Poisson-Kirillov structure on g * . Then a constant volume form Ω on g * satisfies the equation
Proof. For a bivector field
its divergence with respect to the constant volume form
Suppose now that α is the Poisson-Kirillov bivector field on g * . Then, by formula (6), one has:
where C k ij are structure constants of the Lie algebra g in the basis {x i }. Then, by (10), the condition div Ω α = 0 is equivalent to
Let us suppose that the Lie algebra g is semisimple, and the basis {x i } is chosen in a way compatible with the triangular decomposition g = N − ⊕ h ⊕ N + . The condition (12) is nontrivial only when x j ∈ h. Let e 1 , . . . , e ℓ be the positive root elements in N + , and let f 1 , . . . , f ℓ be the dual root elements in N − .
For any element h ∈ h we set
where α k , β k ∈ h * are the roots. Then (12) holds because
Remark. It follows from the proof that the theorem is true also for nilpotent Lie algebras.
Identity W 2 = 0
From the previous result and from the result of [FSh] (see Sect. 1.3) it follows that for a semisimple Lie algebra g one has
where Ω is a constant volume form and f * g is the Kontsevich star-product with the harmonic angle function. We have
and
When f, g are invariant, f * g = g * f , and, therefore,
We are going to show now that B 2 (f, g) = 0 for invariant f and g. It is clear that a nonzero contributions to B 2 (f, g) have the following 4 graphs:
(see [K] for the definitions). Let us denote the graphs showed in Figure 2 by Γ 1 , Γ 2 , Γ 3 , Γ 4 , corresp. Let us denote by w (Γ) the Kontsevich weight of a graph Γ.
Lemma.
Proof. It is clear that
where Θ is the differential operator corresponding to the graph Γ, showed in Figure 3 .
On the other hand, it follows from (13) that g * B 2 (f, g) · Ω = 0. We have
for any f . It is clear that Θ (g) is a non-zero function, so Lemma is proven. 2
Now we are going to show that for invariant f, g one has:
where U Γ4 is corresponding to the fourth graph on Figure 2 . For example, let us show that
One has (see Figure 4 ):
If g is invariant,
Formula (20) can be rewritten as
Therefore,
Since α ij is linear function, by the Leibniz rule, one has
The second summand is equal to 0 because α ij is skew-symmetric in i, j and
Analogously, for invariant f one has U Γ3 (f, g) = −U Γ4 (f, g), and for invariant f, g one has U Γ1 (f, g) = U Γ4 (f, g). Therefore, it follows from Lemma above that B 2 (f, g) = 0 for invariant f, g. Now we want to prove that W 2 = 0. It follows from Theorem 1.2 (i) that if W 2 = 0 and B 2 (f, g) = 0, then Tr 2 is a derivation of the algebra [S · (g)] g . It is not true for g = sℓ 2 . So, we are done.
Remark. It is not clear how to prove that B 4 (f, g) = 0, ... using this method. The cause is that the combinatorics of the second part of our proof becomes very complicated, and it is not clear how to deduce explicitly the identity B 2k (f, g) = 0 from formula (13). In the next section we develop a different technics based on the orbit method.
3 Orbit method and vanishing of the wheels
3.1
We start with the following result:
Key-lemma. Let α be a Poisson bivector field on a manifold M , and let Ω be a volume form on M such that div Ω α = 0.
Let ψ be a non-vanishing function on M which is equal to a constant on each leaf of the symplectic foliation on M , defined from bivector field α (the constant may depend on the leaf ). Then the volume form
Proof. It is easy to see that for an arbitrary function f on M one has:
for any polyvector field γ. In the case when γ = α, the Poisson bivector field, at each point x ∈ M we have a map
By definition, the image Im α x is the tangent space to the symplectic leaf passing through a point x. The kernel Ker α x consists of the 1-forms vanishing on the symplectic leaf.
When f = ψ is constant along each symplectic leaf, the 1-form df vanishes on the tangent space to each symplectic leaf, and, therefore, α(dψ) = 0. 2
3.2
Now we consider the Poisson-Kirillov bivector field α on the space g * dual to a semisimple Lie algebra. By Theorem 2.1, a constant volume form Ω satisfies condition div Ω α = 0. Then, by Key-lemma 3.1, we have div ψΩ α = 0 for any smooth ψ constant on symplectic leaves.
Finally, by Theorem 1.3.1,
for any ψ constant along the symplectic leaves. In this way, we obtain a set of linear functionals on C ∞ comp (g * ) with the same values on f · g and f * g (here f, g ∈ C ∞ comp (g * )). We want to deduce from this fact that
Orbit method and Weyl unitary trick
Since (27) is stated for functions with compact support, it would be very useful to suppose that the symplectic leaves are compact. It is not true for semisimple algebras over C. Fortunately, any such algebra has a compact form, i.e. such semisimple Lie algebra g R over R that g R ⊗ C ≃ g and that there exists a compact Lie group G R such that Lie G R = g R . By the Kirillov's theorem, the symplectic leaves are orbits of the coadjoint action of G R on (g R ) * , and therefore, they are compact.
In the course of the proof of Theorem 1.3 we will suppose that the symplectic leaves are compact.
3.2.2
When the symplectic leaves are compact, one can define a set of traces on the algebra (C ∞ (g * ), * ) (and (S · (g), * )), not only on the algebra (C ∞ comp (g * ), * ).
Lemma. Let ψ be a function on g * with a compact support constant on each symplectic leaf, and Ω be a volume form on g * such that div Ω α = 0 where α is the Poisson-Kirillov bivector field on g * . Then the functional
is a trace on the algebra (C ∞ (g * ), * ), and on (S · (g), * ).
Proof. When ψ has a compact support, the form ψ · Ω is not a volume form, and, therefore, one can not apply the theory of [FSh] to it. But the function ψ can be represented as the limit of a sequence of functions {ψ n } n≥1 , nonvanishing on g * . We know that the functional f → g * f · ψ n · Ω is a trace on (C ∞ comp (g * ), * ) for each n, and, therefore, the limit of the sequences of the
Let g be a semisimple compact Lie algebra over R. Then for any two polynomials f, g ∈ S · (g) one has:
the commutant of the deformed algebra.)
We prove this theorem in Section 3.3.1-3.3.3.
Lemma.
Let us suppose that a Lie algebra g is such that the symplectic leaves in g * are compact, and such that there exists a volume form Ω on g * satisfying the condition div Ω α = 0, where α is the Poisson-Kirillov bivector field on g * . Then
* denotes the commutant of the deformed algebra).
Corollary. In the assumptions of the Lemma one has:
Proof of the Lemma. Let f ∈ [C ∞ (g * )] g ; then f is constant on each symplectic leaf, because the leaves are orbits of the coadjoint action of a Lie group such that Lie G = g on g * . If f is not zero function, one can choose a function ψ on g * with a compact support and such that
On the other hand, the functional
Let g be a semisimple Lie algebra. Then the composition
is an isomorphism.
Proof. According to Corollary 3.3.1 and discussion in Section 3.2.1 we know that
for any semisimple Lie algebra. As a g-module (with respect to the adjoint action in the deformed algebra), each filtration component S · (g) N of the space S · (g) decomposes in the direct sum of finite-dimensional irreducible representations corresponding to dominant highest weights. We have:
In these notations [
. On the other hand, consider the space
Again, it is a trivial module,
It follows from (31) and from the semisimplicity of S · (g) as a g-module that n 0 = m 0 . 2
3.3.3
Here we conclude the proof of Theorem 3.3. It follows from Lemma 3.3.2 that
for any ψ, as well as
On the other hand, the function l is constant along the symplectic leaves, and one can choose a function ψ with a compact support such that g * l · ψ · Ω = 0 . Therefore, l = 0. Theorem 3.3 is proven. 2 of the Verma module M λ , and, therefore, any element z ∈ Z (U(g)) acts on L λ in the same way as it does on M λ . Hence, for a dominant λ,
, because for any z from the intersection one has ϕ HC (z)(λ) = 0 for dominant λ, and, therefore, for all λ ∈ h * . Then z = 0 because ϕ HC is an isomorphism.
Philosophically, a version of the Harish-Chandra map may exist for any Lie algebra g, not necessarily semisimple, or, more generally, for any Poisson structure on a vector space V . It is not true literally, but the well-known application of this philosophy is the Kirillov's work on Duflo formula. In this work the Duflo isomorphism was obtained using the Harish-Chandra map, and was rewritten in a form independent of a choice of a Cartan subalgebra. Then the obtained formula make sense for any finite-dimensional Lie algebra, not only semisimple.
From this point of view, the statement of Lemma 3.3.1 is another incarnation of this idea. Our proof, based on the result of [FSh] , does not use any special properties of semisimple Lie algebras except the compactness of the orbits. It can be easily generalized as follows: consider a vector spase V (or, more generally, an oriented manifold M ) with a Poisson structure α with compact symplectic leaves, suppose also that there exists a volume form Ω on V such that div Ω α = 0. Denote by [C ∞ (V )] α the functions which are constant along the symplectic leaves. Then
Vanishing of the wheels
Let k be a minimal integral number such that W 2k = 0. Then, by Theorem 1.2 (i) and by Theorem 3.4, the element Tr 2k ∈ [S 2k (g * )] g should be a derivation of the algebra [S · (g)] g for any semisimple Lie algebra g. One can show that it is not true for Lie algebra sℓ n for sufficiently large n. (The same argument was used by Maxim Kontsevich in his proof of Duflo theorem, see [K] , Sect. 8.3.4.) Theorem 1.3 is proven.
3.7 Remarks.
1. The integrals, corresponding to the wheels, do not depend on a choice of the angle function ( [K] , Sect. 6.2 and Sect. 8) We have proved that W 2k = 0 for the harmonic angle function (since the result of [FSh] holds for harmonic angle function). Hence, it is true for any angle function. 2. The odd wheels W 2k+1 are equal to zero by a much more simple reasons: it follows from the fact that for the harmonic angle function the propagator is invariant under the map p : z → −z (p : H → H, where H is the complex upper half-plane), as it was noted in [K] . The same argument shows that
and any Poisson bivector field (not necessarily linear) on a vector space V (see [CF] ).
Duflo formula for infinite-dimensional Lie algebras
Let g be a finite-dimensional Lie algebra. In [K] , Sect. 8 M. Kontsevich proved that the map ϕ PBW • ϕ strange :
(see Section 1.2); the classical Duflo formula is the restriction of this theorem to 0-cohomology part.
It is natural to conjecture analogous statement for arbitrary Lie algebras.
Conjecture. For any (maybe infinite-dimensional) Lie algebra g the algebras
The map ϕ strange does not make sense for an infinite-dimensional Lie algebra g, because the elements Tr 2k ∈ [S 2k (g * )] g are not well-defined, as traces of operators on an infinite-dimensional space. Therefore, one needs some "regularization" of these traces. Roughly speaking, one should represent each element Tr 2k as a well-defined quantity modulo coboundaries.
It turns out that, in a sense, our result on vanishing of the wheels allows to do it.
Let us recall (see Section 1.2) that the map ϕ PBW • ϕ strange is equal to the composition
We have proved that ϕ W = id. On the other hand, the algebras (S · (g), * ) and U(g) are canonically isomorphic. Therefore, the algebras H · (g; (S · (g), * )) and H · (g; U(g)) are isomorphic as well. The problem now is that the Kontsevich deformation quantization (S · (g), * ) does not exist for an infinite-dimensional Lie algebra g.
It turns out, however, that the algebra of invariants [S · (g), * ] g , or, more generally, the algebra H · (g; (S · (g), * )) still exists. In other words, in the infinitedimensional case, one has a third algebra H · reg (g; (S · (g), * )) besides the algebras H · (g; S · (g)) and H · (g; U(g)). We have already seen in Section 2.2 that for invariant f, g ∈ S · (g) one has: U Γ2 (f, g) = −U Γ4 (f, g) (see Figure 5) = -α α α α f f g g
Figure 5
An identity for invariant f, g
This identity is the simplest example of the regularization. For an infinitedimensional vector space V the polydifferential operator is well-defined only when the graph Γ does not contain any oriented cycles between the verticies of the first type (see [K] , Sect. 6 for the definitions). The procedure described in Section 2.2 can be applied for a regularization of any graph with oriented cycles. It means that if a graph Γ contains an oriented cycle, for invariant f, g ∈ S · (g):
where the graphs Γ do not contain any oriented cycles. The identity (35) can be easily generalized for higher cohomology. The main problem here is that the regularization is not uniquely defined, i.e. the answer "U reg Γ (f, g)" depends on the regularization. In the finite-dimensional case, however, the answer is independent. This fact motivates the following Conjecture. The regularized algebra H · reg (g; (S · (g), * )) does not depend on the regularization.
Finally, the following conjecture is also highly nontrivial:
Conjecture. The algebra H · reg (g; (S · (g), * )) is isomorphic to the algebra H · (g; U(g)) for an infinite-dimensional Lie algebra g.
We suppose, by analogy with the finite-dimensional case, that the identity map gives an isomorphism id = ϕ W : H · (g; S · (g)) → H · (g; (S · (g), * )). Hence, we obtain an isomorphism between the algebras H · (g; S · (g)) and H · (g; U(g)). It would be very interesting to develop this approach on concrete examples.
